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Abstract— In statistical learning theory, the Vapnik-
Chervonenkis (VC) dimension is an important combinatorial
property of classifier families. In this paper we examine the
case of convex polytope classification, i.e. when the separation of
the two classes is done by a convex surface consisting of linear
segments. We collect the known facts about the VC dimension
of convex polytope classifiers withn facets in Rd and present
two new lower bounds (one for the general case and one for the
special cased = 4).

I. I NTRODUCTION

In this article we will consider the problem of two-class
classification. In this setting aclassifieris anRd 7→ {+1,−1}
mapping, where the input vector can be referred as the
observationand the assigned value can be called theclass
label. Clearly, every classifierg partitions the spaceRd into
two distinct regions. It is an important special case, when the
separation is done by a linear surface, i.e. the functiong can
be written as

g(x) = sgn(wT
x + b),

where

sgn(y) =

{

+1 if y ≥ 0,
−1 if y < 0.

Such classifiers are said to belinear. The set of all d-
dimensional linear classifiers is denoted by LIN(d).

We get a richer function class, if the label is decided by
combining the outputs ofn linear classifiers:

g(x) = f(l1(x), l2(x), . . . , ln(x)),

li(x) = sgn(wT
i x + bi), i = 1, 2, . . . , n,

where f is an arbitrary{+1,−1}n 7→ {+1,−1} mapping,
called thecomposition function. Classifiers that can be ex-
pressed in this form are calledpolytope classifiers. The set of
all d-dimensional polytope classifiers usingn linear decisions
is denoted by POL(d, n). The function class POL(d, n) is
quite extensive: it contains e.g. linear classifiers, decision trees
and nearest neighbor classifiers. We obtain interesting subsets
of POL(d, n), if we restrict the set of available composition
functions to minimum and maximum taking:

MIN(d, n) = {g : g ∈ POL(d, n), f = min},
MAX(d, n) = {g : g ∈ POL(d, n), f = max},

MINMAX(d, n) = {g : g ∈ POL(d, n), f ∈ {min, max}}.

It is true for all of the above cases that the decision boundary
is the surface of ad-dimensional convex polytope. The label of
the inner (convex) region is always +1 at MIN(d, n), always -1
at MAX(d, n) and unrestricted in the case of MINMAX(d, n).
The members of MINMAX(d, n) are calledconvex polytope
classifiers. Note that the decision boundary belongs to the
inner region in the case of MIN(d, n) and to the outer region
in the case of MAX(d, n).

In statistical learning theory [1], the Vapnik-Chervonenkis
(VC) dimension is an important combinatorial property of
classifier families. We say that a set of classifiersG shattersa
finite set of observations, if the observations can be arbitrarily
labeled by the members ofG. The kth shatter coefficientof
G (denoted bys(G, k)) is the maximum number of different
labelings that can be produced by the members ofG over any
k observations. The Vapnik-Chervonenkis (VC) dimension of
G (denoted byh(G)) is the maximum number of observations
that can be shattered byG. Formally:

h(G) = max k : s(G, k) = 2k.

If this maximum does not exist, then the VC dimension is∞.
The concept of VC dimension is very useful in the field

of classification, because it appears in distribution-freeerror
bounds. Given a classifierg, there is no general connection
between its error probabilityR(g) and its error rateRm(g)
measured on them-element training set. However if we know
a priori that g ∈ G and h(G) < ∞, then the following
inequality holds with probability1 − δ [1]:

R(g) ≤ Rm(g) +

√

8
h(G) ln(2em/h(G)) + ln(2/δ)

m
.

Convex polytope classification is not a new invention of
course. Beside the different algorithms (e.g. [2], [3], [4], [5]),
numerous results can be found in the literature about the
combinatorial properties of MIN(d, n) and MAX(d, n) (see
e.g. [2], [6], [7], [8]). The function class MINMAX(d, n) is
an undiscovered area to the best of the authors’ knowledge.
However, this class stays closer to practice than MIN(d, n)
or MAX(d, n), because the label of the inner (convex) region
is not fixed. The goal of this paper is to collect the known
facts about the VC dimension of MIN(d, n), MAX(d, n) and
MINMAX( d, n), while presenting two new lower bounds (one
for the general case and one for the special cased = 4).
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II. K NOWN FACTS

Clearly, the VC dimension of MIN(d, n) and MAX(d, n)
are equal, therefore we will state the theorems only for MIN(d,
n) and MINMAX(d, n). Let us start with the simplest special
cases:n = 1 and d = 1! If n = 1, then clearly, MIN(d, n)
= MINMAX( d, n) = LIN(d). It is known since long ago that
h(LIN(d)) = d + 1 [6]. If d = 1 and n > 1, then trivially
h(MIN(d, n)) = 2 andh(MINMAX(d, n)) = 3.

Now let us proceed with the cased = 2! Determining the
VC dimension of MIN(2,n) is easy:

Theorem 1:If n > 1, thenh(MIN(2, n)) = 2n + 1.
Proof. If we place2n + 1 points into the vertices of a regular
(2n+1)-gon, then every labeling can be produced byn lines.
This impliesh(MIN(2, n)) ≥ 2n + 1. For proving the upper
bound, consider an arbitrary point setP of size (2n + 2).
If one of the points is located inside the convex hull of the
others, thenP cannot be shattered by MIN(2, n), because it
is impossible to classify the inside point as -1 and the outside
points as +1. If the convex hull ofP is a convex(2n+2)-gon,
thenP cannot be shattered by MIN(2, n) again, because it is
impossible to realize the alternating labeling withn lines.

With considerably more effort it can be proved too that
h(MINMAX(2, n)) = 2n + 2, if n > 1 [9]. In any other
cases, the exact value of the VC dimension is unknown.

For the cased = 3 the best bounds originate from Dobkin
and Gunopulos. In [2] they showed thath(MIN(3, n)) ≤ 4n,
and presented a construction that provesh(MIN(3, 4)) ≥
14. With a straightforward extension of their construction
it can also be shown thath(MIN(3, n) ≥ 3n + 2 and
h(MINMAX(3, n)) ≥ 3n + 3, if n ≥ 4.

In the general case we can easily get an upper bound with
combinatorial tools:

Theorem 2:h(MIN(d, n)) ≤ 2(d + 1)n ln(3n).
Proof. We will exploit the fact that MIN(d, n) classifiers
consist of simple components that are combined in a simple
way. Denote thekth shatter coefficient of MIN(d, n) by Sk

and that of LIN(d, n) by sk. Given k points, the component
classifiers are able to produce at mostsk different labelings.
This implies that

Sk ≤ (sk)n.

By Sauer’s lemma [10] we know that

sk ≤
d+1
∑

i=0

(

k

i

)

.

The sum of binomial coefficients can be bounded from above
as follows:

d+1
∑

i=0

(

k

i

)

<

(

k

d + 1

)d+1 d+1
∑

i=0

(

k

i

) (

d + 1

k

)i

<

(

k

d + 1

)d+1 (

1 +
d + 1

k

)k

<

(

ek

d + 1

)d+1

.

Putting the inequalities together yields

Sk ≤ (sk)n <

(

ek

d + 1

)(d+1)n

.

If k = 2(d + 1)n log 3n, then it can be easily verified that

(

ek

d + 1

)(d+1)n

< 2k.

The straightforward way of obtaining an upper bound for
h(MINMAX(d, n)) is applying Assouad’s lemma [11]. As-
souad’s lemma states that for any function classesF s G with
finite VC dimension,h(F ∪ G) ≤ h(F) + h(G) + 1. In the
case of MINMAX(d, n) this means thath(MINMAX(d, n)) ≤
h(MIN(d, n)) + h(MAX(d, n)) + 1 = 4(d + 1)n ln(3n) + 1.

III. N EW LOWER BOUNDS

At first we show two easily obtainable lower bounds for
h(MIN(d, n)) and h(MINMAX(d, n)). They are so simple
that we will call them the trivial lower bounds. (However, to
the best of our knowledge they have not been published yet.)

Theorem 3 (sphere slicing):h(MIN(d, n)) ≥ dn.
Proof.1 We have to arrangedn points such that they can be
shattered by MIN(d, n). At first cut n distinct slices from
a d-dimensional hypersphere withn hyperplanes. Denote the
ith hyperplane withHi and denote the intersection of the
hypersphere surface and theith hyperplane withCi.

Now define the point setP by assigningd different points
in eachCi. Points belonging to the sameCi can be shattered
by one hyperplane, moreover, it can be required too, that
the label of all the other points have to be +1. (Theith
hyperplane of the MIN(d, n) classifier is obtained by an
infinitesimal perturbation ofHi.) Because of the requirement,
the ith shattering hyperplane influences only the the labeling
of the ith group, thereforeP can be arbitrarily labeled by the
members of MIN(d, n).

Theorem 4:h(MINMAX(d, n)) ≥ dn + 1.
Proof.Arrange the firstdn points like in the proof of Theorem
3, but now put an additional point into the center of the sphere.
Because of Theorem 3, the firstdn points can be shattered by
both MIN(d, n) and MAX(d, n). In the first case the label of
the central point is always +1, in the second case it is always
-1. This means, that thedn+1 points can be arbitrarily labeled
by the members of MINMAX(d, n). (The label of the central
point determines whether to use a MIN(d, n) or a MAX(d, n)
classifier.)

The following theorem is a new result that improves the
trivial lower bounds by one:

Theorem 5:If n ≥ 2, then h(MIN(d, n)) ≥ dn + 1 and
h(MINMAX(d, n)) ≥ dn + 2.
Proof. We begin with the proof of the first statement in the
special cased = 3. Place the first 5 points on the planexy,
into the vertices of an origin-centered regular pentagon. On the
planexy these points can be shattered by 2 lines, moreover,
the followings can be satisfied too:

• The lines have to be parallel.
• The lines cannot be axis-parallel.

1The proof originates from István Pilászy, a colleague of the authors.



• For any labeling, the ball of radiusε0 > 0 around the
origin must belong to the inner region.

Place the next 2 points into[1 0 1] and[−1 0 1]. Now
we show that the first 7 points can be arbitrarily labeled by
the members of MIN(3, 2), even if we require that anε-ball
around the origin have to belong to the inner region.

Consider an arbitrary labelingy1, y2, . . . , y7 that we want
to realize by a member of MIN(3, 2). Recall that a MIN(3, 2)
classifier can be given by 8 parameters: (w11, w12, w13, b1)
and (w21, w22, w32, b2). If the input is one of the first 5
points, then the answer of the classifier is fully determinedby
the parameters (w11, w12, b1) and (w21, w22, b2). Adjust these
parameters such that the classifier labels the first 5 points in
the desired way. This can be done, moreover the followings
can be satisfied too (i = 1, 2):

w2i = −w1i 6= 0,

∀δ2
1 + δ2

2 ≤ ε2
0 : min

i
{δ1wi1 + δ2wi2 + bi} ≥ 0.

Based ony6 andy7 there are 4 possible cases (i = 1, 2):
• If y6 = y7 = +1, then the desired labeling can be

obtained bywi3 ≫ 0.
• If y6 = y7 = −1, then the desired labeling can be

obtained bywi3 ≪ 0.
• If y6 = +1, y7 = −1, then the desired labeling can be

obtained bywi3 = −wi1 − bi + µ.
• If y6 = −1, y7 = +1, then the desired labeling can be

obtained bywi3 = +wi1 − bi + µ.
If we choose a sufficiently smallε, then theε-ball around

the origin belongs to the inner region in all of the 4 cases.
Now define a sphere surface that encloses the 7 points

arranged so far and passes through the point[0 0 −ε/2].
On this surface there exist a segment, that belongs to the inner
region at each labeling of the first 7 points. Let us place the
remaining3(n − 2) points onto this subsurface in 3-element
groups with the sphere slicing method! Each group can be
shattered by one plane, moreover it can be assured, that the
planes does not affect the labeling of the other groups and the
first 7 points. Therefore the7 + 3(n− 2) = 3n + 1 points can
be shattered by MIN(3,n).

The proof of thed-dimensional case is completely analo-
gous with the 3-dimensional one. Now the first 5 points are
placed onto the plane of the first 2 coordinates. The next
2(d − 2) points are arranged in the following way:

x6 = [+1 0 1 0 0 . . . 0]

x7 = [−1 0 1 0 0 . . . 0]

x6 = [+1 0 0 1 0 . . . 0]

x9 = [−1 0 0 1 0 . . . 0]

...

x2d = [+1 0 0 0 . . . 0 1]

x2d+1 = [−1 0 0 0 . . . 0 1].

It can be shown (exactly the same way as in the cased = 3)
that the first2d + 1 points can be shattered by MIN(d, 2),

Fig. 1. This figure shows the planar graph of the icosahedron and illustrates
how to choose the independent faces based on the label of the extra points.
Note that there exist faces that are never chosen.

moreover it can be required too that anε-ball around the origin
belongs to the inner region at each labeling. Then a hyper-
sphere surface is defined that encloses the first2d + 1 points
and passes through the point[0 0 −ε/2 . . . −ε/2].
There exist a segment on this surface that belongs to the inner
region at each labeling. The remainingd(n − 2) points are
placed onto this subsurface with the sphere slicing method.

The statement on MINMAX(d, n) can be proved with the
same construction with an additional point in the origin.

The boundh(MIN(d, n)) ≤ dn + 1 is not tight. InR3 a
better bound can be obtained with a tricky arrangement [2]:

Theorem 6 (Dobkin, Gunopulos):h(MIN(3, 4)) ≥ 14.
Proof. Let us place the first 12 points into the vertices of
a regular icosahedron! Clearly, these points can be shattered
by MIN(3, 4). (The 4 planes are obtained by infinitesimal
perturbation of 4 independent faces.) Now place 2 extra points
outside the the icosahedron but close to its surface, above 2
faces at face distance 3 from each other. Surprisingly, this
larger point set can still be arbitrarily labeled by the members
of MIN(3, 4). This can be easily verified if we draw the planar
graph of the icosahedron. The trick is that the 4 independent
faces are chosen based on the label of the 2 extra points (see
Fig. 1).

This result can easily be extended to the casen > 4.
Theorem 7:If n ≥ 4, then h(MIN(3, n)) ≥ 3n + 2 and

h(MINMAX(3, n)) ≥ 3n + 3.
Proof. Place the first 14 points as in the proof of Theorem
6. From the proof of Theorem 6 we know that these points
can be shattered by MIN(3, 4) and there exist a face of the
icosahedron that is never selected. This means that we can
define a sphere surface that encloses the first 14 points and has
a segment that is always in the inner region. If we place the
remaining3(n− 4) points on this subsurface with the sphere
slicing method, then this point set of size14+3(n−4) = 3n+2
can be shattered by MIN(3,n).

The second statement of the theorem can be proved with
almost the same construction. The difference is that if we can



use MAX(3,n) classifiers too, then we can put an additional
point into the center of the icosahedron.

With a more complicated version of the icosahedron trick
it is possible to improve the trivial lower bounds inR4 by 4.
The following theorem is our second new result:

Theorem 8:If n ≥ 30, thenh(MIN(4, n)) ≥ 4n + 4 and
h(MINMAX(4, n)) ≥ 4n + 5.
Proof. First of all we recall from geometry that the600-cell
is the finite regular four-dimensional polytope with Schläfli
symbol {3, 3, 5} [12]. It is also calledhypericosahedron,
because it can be regarded as the 4-dimensional analog of
the icosahedron. The 600-cell is composed of 600 tetrahedra,
with 5 to an edge. It has 1200 triangular faces, 720 edges and
120 vertices.

The vertices of an origin-centered 600-cell with edges of
length 1/φ (whereφ = (1 +

√
5)/2 is the golden ratio) can

be given as follows:
• 16 vertices of the form [±0.5 ± 0.5 ± 0.5 ± 0.5].
• The 8 possible permutations of [±1 0 0 0].
• 96 vertices, obtained from the even permutations of

[±0.5 ± 0.5φ ± 0.5/φ 0].
The topological structure of the 600-cell is a system of

subsets over the 120 vertices that gives whichk vertices form
a k-facet (k = 2, 3, 4; 2-facets are called edges, 3-facets are
called faces and 4-facets are called cells). The topological
structure of the 600-cell can be computed easily: At first
generate the coordinates of the 120 vertices according to the
previous scheme. Then identify thek-facets by examining
every possiblek vertices an checking whether they are at
distance1/φ from each other not.

We say that 2 cells are adjacent, if they have at least 1
common vertex and 2 cells are independent, if they have no
common vertices. The cell adjacency graph of the 600-cell can
be easily obtained from its topological structure. Remember
that in the 3-dimensional case we tried to cover the vertices
of the icosahedron with independent facets in many different
ways. Now we want to cover the vertices of the 600-cell with
independent cells in many possible ways. This means that we
want to find many independent points in the cell adjacency
graph.

With brute force computation we could find 1920 different
coverings.2 These coverings can be represented by a 1920-by-
600 binary matrixC, whose elementcij is 1 if and only if
the ith covering contains thej cell. We will refer toC as the
covering matrix.

Now we turn back to the proof of the statement
h(MIN(4, n)) ≥ 4n + y, if n ≥ 30. Let us place the first
120 points into the vertices of a 600-cell! These points can be
shattered by MIN(4, 30), because it is possible to cover the
120 points with 30 independent cells. (The different labelings
are obtained by infinitesimally perturbing the 30 independent
cells.)

2The topological structure of the 600-cell, the cell adjacency graph
and the coverings can be seen at the website http://www.mit.bme.hu/
∼gtakacs/600cell.html. It is quite sweaty to verify these results by hand but
it is easy to write a program that performs this.

If there exist anl-column submatrix in the covering matrix
that has2l different rows, thenl extra points can be placed
into this arrangement such that the point set can still be
shattered by MIN(4, 30). We wrote a simple program that
counts the number of different rows in every possiblel-column
submatrix. The largestl for that an appropriate subset of
columns could be selected wasl = 4. This means that it is
possible to arrange 120 + 4 = 124 points inR4 such that they
can be shattered by MIN(4, 30).

Like the previous theorems we can define a 4-dimensional
sphere that encloses the first 124 points and contains a surface
segment that belongs to the inner region at each labeling of the
first 124 points. If the remaining4(n − 30) points are placed
onto this surface segment with the sphere slicing method, then
the dn + 4 can be arbitrarily labeled by MIN(4,n) assuming
that n ≥ 30. In the case of MINMAX(4,n) the construction
is almost the same, but an additional point can be placed into
the origin too.

IV. CONCLUSION

The Vapnik-Chervonenkis dimension of convex polytope
classifiers was investigated in this paper. We defined 3 function
classes MIN(d, n), MAX(d, n) and MINMAX(d, n), collected
the known facts about the VC dimension of these classes and
presented two novel lower bounds.

It was shown in this article that the trivial lower bound for
h(MIN(d, n)) is dn, and an easily obtainable upper bound is
O(dn log(n)). It was mentioned too that thelog(n) factor can
be eliminated, ifd < 4. It is an interesting open problem
whether thelog(n) factor can be eliminated or not in the
general case. The new results presented in this paper may give
some ideas for those who want to answer this question.
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