
1. w = z3 → 3w2 − 6w + 12 = 0 → w2 − 2w + 4 = 0
w1,2 = 2±

√
4−16
2 = 1 ±

√
3i = 2(cos(±60◦) + i sin(±60◦))

z1,2,3 = 3
√

w1 = 3
√

2(cos(20◦ + k · 120◦) + i sin(20◦ + k · 120◦)), k = 0, 1, 2

z4,5,6 = 3
√

w2 = 3
√

2(cos(−20◦+k ·120◦)+i sin(−20◦+k ·120◦)), k = 0, 1, 2

2. an+1 − an =

2n+7
︷ ︸︸ ︷

2(n + 1) + 5

4(n + 1) − 3
︸ ︷︷ ︸

4n+1

− 2n + 5

4n − 3
=

(2n + 7)(4n − 3) − (2n + 5)(4n + 1)

(4n + 1)(4n − 3)

=
−26

(4n + 1)
︸ ︷︷ ︸

>0

(4n − 3)
︸ ︷︷ ︸

>0

< 0 → A sorozat szigorúan monoton 
sökken®.

lim
n→∞

2n + 5

4n − 3
= lim

n→∞

2 + 5
n

4 − 3
n

=
1

2
= A

|an − A| < ε →
∣
∣
∣
∣

2n + 5

4n − 3
− 1

2

∣
∣
∣
∣
< 10−4 → |13|

|4n − 3| · |2| < 10−4 →
13

(4n − 3) · 2 < 10−4 → 130000

2
< 4n − 3 → n >

65003

4
→ N = 16250

3. lim
x→∞

(√

2x2 + 3x + 1 −
√

2x2 − x + 2
)

= lim
x→∞

(2x2 + 3x + 1) − (2x2 − x + 2)√
2x2 + 3x + 1 +

√
2x2 − x + 2

=
4x − 1√

2x2 + 3x + 1 +
√

2x2 − x + 2
= lim

x→∞

4 − 1
x

√

2 + 3
x

+ 1
x2 +

√

2 − 1
x

+ 2
x2

=
4

2
√

2
=

√
2

4. f(x0) =
sh(0)√

4
= 0, f ′(x) =

ch(2x + 1)2
√

4x + 6 − sh(2x + 1)1
2 (4x + 6)−

1

2 4

4x + 6
, f ′(x0) =

ch(0)2
√

4

4
= 1

Az érint® egyenlete: y − f(x0) = f ′(x0)(x − x0) → y = x +
1

2

5.

Df = R. Nem metszi az x tengelyt. Az y tengelyt f(0) = 1
2 -nél metszi.

f(−1) 6= ±f(1) → nem páros, nem páratlan. lim
x→∞

f(x) = 1, lim
x→−∞

f(x) = 0.

f ′(x) =
e−x

(1 + e−x)
2 > 0 → a függvény szigorúan monoton növekv®, lokális széls®értéke nin
s.

f ′′(x) =
e−x(−1) (1 + e−x)

2 − e−x2(1 + e−x)e−x(−1)

(1 + e−x)
4 =

e−x (e−x − 1)

(1 + e−x)
3 = 0 → x = 0

x < 0 x = 0 x > 0
f ′′ + 0 −
f konvex konkáv �6�4�2 0 2 4 6
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Rf = (0, 1)

6. (a)

∫
5

16x2 + 1
dx = 5 ·

∫
1

1 + (4x)2
=

5arctg(4x)

4
+ C

(b)

∫ 1

0

(1 − 2x)
︸ ︷︷ ︸

f

sh(3x)
︸ ︷︷ ︸

g′

dx =

[

(1 − 2x)
ch(3x)

3

]1

0

−
∫ 1

0

(−2)
ch(3x)

3
dx

=

[

(1 − 2x)
ch(3x)

3

]1

0

+
2

3

[
sh(3x)

3

]1

0

=
−ch(3)

3
− 1

3
+

2sh(3)

9
≈ −1, 463

(
) V = π

∫ 1

0

(
3

3
√

2x + 3

)2

dx = 9π

∫ 1

0

(2x + 3)−
2

3 dx = 9π

[

(2x + 3)
1

3

1
32

]1

0

=
27π

2

(
3
√

5 − 3
√

3
)

≈ 11, 35



7. (a) y′x − 2yx2 = x2 → y′ −2x
︸︷︷︸

a(x)

y = x
︸︷︷︸

b(x)

→ y(x) = c(x)e−A(x)

c(x) =

∫

eA(x)b(x)dx =

∫

e−x2

xdx = −1

2

∫

e−x2

(−2x)dx = −1

2
e−x2

+ K

y(x) =

(

−1

2
e−x2

+ K

)

ex2

= −1

2
+ Kex2

y(1) = 2 → −1

2
+ Ke12

= 2 → K =
5

2e
→ yp(x) = −1

2
+

5

2e
ex2

(b) y(h,a) : 4λ2 + 8λ + 5 = 0 → λ1,2 =
−8 ±

√
64 − 80

8
= −1 ± 1

2
i

y(i,p) : y = Ax + B, y′ = A, y′′ = 0 → 0 + 8A + 5(Ax + B) = 3x − 2 → A =
3

5
, B = −34

25

y(x) = e−x

(

C1 cos

(
1

2
x

)

+ C2 sin

(
1

2
x

))

+
3

5
x − 34

25


